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Progress is reported on that part of the investigation 
dealing with the plastic bending of tapered members. So 
far, the work has been primarily directed to a review of 
currently available elasticity and limit load theories. 
Two analytical approaches are being investigated. Firstly, 
a rigorous approach in which the methods of the mathematical 
theories of elasticity and plasticity are applied; and, 
secondly, a less rigorous but more practical treatment of 
the problem by mechanics of materials. 
Throughout the work, a tapered cantilever with a single 
load at the free end will be considered (Fig. 1). The mater-
ial of the member is isotropic and homogeneous, and an 
element obeys Hooke's law if loaded elastically and is taken 
to be ideally plastic if stressed beyond the yield limit. 
Von Mises yield function (energy of distortion) describes 
yield. The cross-section is rectangular and the thickness 
(direction perpendicular to x,y plane--see Fig. 1) is such 
that plane stress conditions exist. 
Inglis (1) has given the elastic stresses in a tapered, 
rectangular cantilever loaded in the manner described above. 
His work may be more readily referred to in the elasticity 
text by Timoshenko and Goodier (2). An alternative approach 
using methods of mechanics of (elastic) materials is quite 
satisfactory for small tapers, that is, small values of a, 
and has been reported by Timoshenko and Lessells (3). Since 
most practical applications of tapered members will require 
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only small values of a, the simpler mechanics of materials 
solution will be adequate so long as the member is every-
where elastic. An extension of either approach to 'a consid-
eration of the elastic-plastic behavior is not known to the 
author. 
Recently, Green (4) has given a comprehensive treatment 
of the fully plastic problem or, more correctly, of the 
"yield loads" in tapered members of a plastic-rigid material. 
His solutions give upper bounds on the yield loads but in 
view of supporting evidence presented by him of yielded 
regions in experimental members, his solutions may be regarded 
as a very good approximation. 
In view of the difficulties associated with a rigorous 
treatment of yielding in tapered members, an experimental 
program will accompany the analytical work. This has been 
designed so that yielding may occur at sections removed from 
both the rigid and free ends of the cantilever. In this way 
local irregularities due to the method of fixing and apply-
ing the load will not influence the mode of yielding. 
The present report contains an examination of the elas-
tic solutions of Inglis and Timoshenko and the fully plastic 
analysis of Green. This is considered a necessary preliminary 
to the extension of analytical work and to the design of 
suitable experimental specimens. Details of the experimental 
program are also presented. 
II. Elastic Solutions 
A tapered cantilever with a single load at the free end 
is shown in Fig. 1. The material of the member is assumed 
to be isotropic , homogeneous, and elastic and the thickness 
(direction perpendicular to the x,y plane ) is such that 




Inglis (1) has given the stresses in polar 
co-ordinates as: 
crr = 
cr e = 
P sin e 2Pm sin 
r(a 1 - 2 sin 2a ) r 2 (sin 2a -
0 
Pm (cos 20 - cos 2a ) 
r 2 (sin 2a - 2a cos 2a ) 
where the notation is given in Fig. 1. 
20 
2a cos 2a) 
(1) 
3 
For convenience, eqs. (1) may be rewritten as: 
PA sine 
r 
cre = o 
-rre 
Pm B (cos 20 = 
2r2 
where A = 1/(a - 1 2 sin 
Pm B sin 20 
r2 
- cos 2a) 
2a) 




Eqs. (1) may be transformed to give the stresses 
in terms of rectangular co-ordinates x,y by means of the 
relations: 
crx = crr 




or 12 deg. 
X 
cos2 e - '['re sin 20 
sin2 e + -rre sin 2e (4) 
[112 crr sin 20 + '['re cos 2e] 
Fig. 2 shows plots of the non-dimensional 
O'xm/P , <1 m/P y and -rxym/P across a section xx 
= 2m The value of a. for this beam is 'IT /15 
This value is the largest to be considered in 
either the analytical or experimental work. It is seen that 
the distribution of crxm/P or the (non-dimensional) bending 
stress is approximately linear and hence it should be very 
close to that found from a mechanics of materials solution. 
crym/P is very small compared to the bending stress and 
'C'xym/P is seen to possess a distribution quite different 
from the normal parabolic distribution of the uniform rectan-
gular beam theory. 
According to von Mises yield criterion, yield 
will occur in the tapered beam (a0 = 0) when: 
(5) 
where cre is the yield stress in tension {or compression). 
It is readily shown that (dr2 + 3Tr02 ) always attains it~ 
largest values on the top and bottom fiber~ (e =+a. ) where 
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is zero. Initiation of yield, therefore, may be located 
by finding the position on e =±a where crr reaches a 
maximum. Taking the derivative of crr (8 =~a ) with respect 
to r and equating to zero gives the value of r a t which 
yield initiates as: 
r = 4 m B cos a 
A 
(6) 
Values of r/m for various a computed from eq. (6) are 
1.996, 1.982, and 1.930 for a= v/60, v/30, v/15 respectively. 
The load Pe which causes yield to initiate at 
the ou ter fibers according to eq. (6 ) is found to be: 
(7 ) 
(b ) Strains and Displacements 
Using Hooke's law the strains are: 
crr PA sine 
€r =- = 
E Er 
Pm B sin 20 
Er2 
- V cr - V p A sin e V p m B sin 20 
€e r + (8 ) = = 
E Er Er2 
't"re PmB (cos 20 - cos 2a ) 
'Yre =-= 
G 2Gr2 
where E, G, and v are elastic constants. 
If u and v are the radial and tangential dis-
placements, respectively, the strain-displacement relations 
and eqs. (8) give: 
. 
ou PA sine Pm B sin 20 -=----
or Er Er2 
. 
~ + l ov = -v PA sine+ v Pm B sin 20 
r r d0 Er Er2 
.!. OU + dV 
roe or 
V 
- - = 
r 




Integration of eqs. (9) and adopting the boundary conditions, 
ov u = V =or= 0 at r ~ (L + m) , e = 0, giVeE expressions 
for u and v as: 
¥ ={_A log [r/(L + m)j + K} sin 8 + B (;) sin 20 
A - ~ (1-v) e cos e 
;v = [ A 1 og [ r / ( L + m )] + K + A ( 1 + v ) /2} c OS 0 
+ ! (~) { (1-v) cos 20 + (l+v) cos 2a.} 
+ ~ (1-v) e sine+ Hr 
where, 
H ::::; - A + B m 2 f 1-v + { l+v) cos 2a.} 
L + m 2 (L + m) l 
K = A (l-v ) - B \1-v + l+v cos 2al 
2 L+mL J 
(10) 
(11) 
The displacements ux, uy in rectangular co-ordinates are 
given by: 
= u cos e - v sine 
Vy= U sin 0 + V COS 0 
The equation of the deflection curve is: 
Evl0=0 
= r = A log (r/L+m) + K 




Eqs. (10-13) give all the information necessary 
for the computation of deflections or displacements in the 
elastic tapered beam. For a= ~/15, L = 3m, cross-section 
x = 2m, Fig. 3 shows the displacement (ux) of an originally 
plane cross-section. For the beam dimensions chosen, it is 
seen that a plane cross-section remains approximately plane 
during deformation. It should be remarked, however, that 
Figs. 2 and 3 give stress and strain distributions only at 
one section in the beam and some variation in the shape as 
well as the magnitudes of these distributions may be expected 
along the length of the beam. Eq. (13) with r = m gives 
the deflection under the load P. 
2. Mechanics of Materials 
(a) Stresses 
It might be expected that if the taper is small 
(i.e., values of a small) that the simpler approach used in 
mechanics of materials would be sufficiently accurate for 
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practical purposes. This consists essentially of a modifi-
cation of the uniform beam theory to account for the variable 
moment of inertia: Most texts on mechanics of materials pre-
sent such an approach--see, for example, Timoshenko and 
Lessells (3 ) . 
Assuming original plane sections to remain 
plane, the bending stress crx at any section x = constant 
(Fig. 1) is given by:-
ax= (14} 
where -x tan a.~yx~x tan a and Ix = i2 (1 ) (2x tan a. )3 
for a rectangular section. The moment Mx is given by 
P(x...;m) and hence 
3 P(x-m ) Yx 
2x3 (tan a. )3 
(15) 
For any section x = constant, crx is numerically largest 
at the top and bottom fibers. The location of t he section 
at which ox is a maximum is then found by considering the 
variation of ax with x along the top or bottom fibers. 
Taking the derivative of ax with respect to x and equat-
ing to zero, the expression for x at which ax is a 
maximum in the beam and hence where yield will initiate, is 
given by: 
X = 2m (16) 
The load Pe which will just cause yield to 
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initiate (Cix = cre) at x = 2m is obtained from eq. (15) as: 
(17) 
(b) Deflection Curve 
Taking positive moment in the sense of causing 
positive curvature~ the elastic deflection curve is given by: 
d 2y = M:ic = 3 P (x-m) 
dx2 Eix 2Ex3 (tan a)3 
(18) 
Integration of eq. (18) and utilizing the boundary conditions, 
y = dy/dx = O at x = (L+m), the deflection curve is found 
to be: 
y = - 3P 110g (x/L+m) - (x+m) + !!!_ + mx + 1} (19) 
2E (tan a)3 l L4m 2x 2(L+m) 2 
3. Remarks 
The information provided by the mechanics of materi-
als solution is incomplete and only an approximation to the 
more rigorous approach used in elasticity. If the tapered 
member is not too short and deep (i.e., shear stresses are 
small compared to bending stresses) and a is not too large, 
the more elementary treatment gives a good approximation. 
For reasons which will be discussed later, a= v/15 will be 
the largest taper angle used in the experimental program and 
the ratio L/m will be such that yielding occurs at sections 
removed from both the fixed and free ends. A comparison of 
the two methods of solution for beam dimensions satisfying 
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the foregoing requirements indicates the degree of approxima-
tion entailed in using the simpler theory. 
Bending stresses (crx) , computed from eqs. (4) and 
(15) do not differ by more than 0.1 per cent. Neglect of 
~xy and in the more elementary approach may result in 
an error in the location of yield and an underestimate in the 
deflections. For example, using eq. (16) instead of eq. (6) 
results in an error of 5.9 per cent in the location of ini-
tial yield on the top and bottom fibers. The underestimation 
of deflections is likely to be appreciable only where short 
deep beams are considered where the contribution due to shear 
is significant. The foregoing remarks are applicable to the 
wholly elastic beam and may have to be reconsidered when 
account is taken of yield. 
III. Fully Plastic Solutions 
The full yielding of tapered cantilevers has been 
treated by Green (4) in a recent publication. His solutions 
consist of constructing a satisfactory slip-line field in a 
plastic-rigid material. Plane strain and plane stress solu-
tions are considered and three related slip-line patterns are 
presented which depend on the ratio of L/m for a given a. 
The solutions are incomplete in the sense that the stress 
fields are not extended into the supposedly rigid regions. 
In view of supporting experimental data, however, his limit 
loads are regarded as a good approximation. 
For the tapered beams considered in the present work, 
Green's slip-line field (plane stress) is shown in Fig. 4. 
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In the notation of this report, the load P0 associated with 
this field is: 
P = 4 cr m sin2 a o e (20) 
where the field is applicable so long as: 
L/m ~ 1 sin 2 a + cos 2· a 
2 
(21) 
The equality sign in (21) holds when the fixed end (rigidly 
fixed) passes through the point A. If L/m is less than the 
right hand side of (21 ) the slip-line field of Fig. 4 must be 
modified. If L/m is greater than the right hand side of 
(21) the slip-line field remains fixed relative to the free 
end. 
Green has also shown that, if a ~ 18° 38' , an equili-
brium field of stress may be constructed which covers the 
whole cantilever and shearing always occurs at the free end 
under the load. If yielding at the free end is to be avoided 
in the experimental program, a must be kept small (<18° 38 1 ). 
On the other hand if yielding at the fixed end is to be 
avoided, then L/m must be greater than the expression given 
in (21). These two conditions have been used in determining 
the specimen dimensions in the experimental program. 
From eqs. (7) and (20) (for beams within the limits of 
applicability of eq. 20) the ratio P0 /Pe of the fully 
plastic to initial yield loads may be computed. It is inter-
esting that this ratio is 1-500 for a= 6°, 9° and 12° and 
this is the same ratio obtained for uniform beams of rectangu-
lar cross-section. 
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IV. Experimental Pro&ram 
1. General 
The experimental program will consist of an exami-
nation of the behavior of three symmetrical, double canti-
levers. Tapers will correspond to a= ~/30, ~/20 and ~/15. 
The members will be of mild steel so that yielded regions 
may be readily observed. Observations will be limited to the 
measurement of deflections, yielded regions, and the deforma-
tion of an originally plane cross-section in the yielded 
regions. Details of the program are given below. 
2. Specimens 
Fig. 5 shows half-scale drawings of the three double 
cantilevers. As pointed out in the previous sections, the 
geometry of these specimens has been selected so that yielded 
regions are removed from the fixed (center of double canti-
lever) and free ends. In this way, the influence of method 
of fixing and applying the load P is by-passed for future 
investigations. At the present time, the aim is to obtain 
fundamental information on the behavior of tapered cantilevers 
containing sections with varying degrees of plasticity. 
3. Apparatus and Measurements 
The tapered members will be supported on a relatively 
rigid frame (Fig. 5) and loaded at the center as shown. The 
method of transmitting loads to the members will be such that 
line contact (perpendicular to plane of the paper) is 
approximated. 
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Deflections will be measured at various stations 
along the member lengths; in particular at the two ends and 
the center. In addition, deflections will be measured on 
either side of the center as indicated in Fig. 5, in order 
to assess as the experiment progresses, the extent of symmetry 
preserved·between the two halves. It is recognized that this 
is a practical necessity in view of the likelihood that un-
symmetrical yielding might produce a slope other than zero 
at the center. Measurement of deflection at the two ends is 
suggested so that local yielding under the reaction supports 
may be assessed. All deflections will be measured by standard 
dial gages. 
The yielded regions may be observed in two ways. 
Firstly, by visual observation of the Lueders' line patterns. 
The second method has not yet been tried but consists of pro-
ducing a photographic grid on one plane face of each specimen. 
A vertical line of this grid will in theory provide informa-
tion on the movement of originally plane sections. The move-
ment will be too small in the elastic range for accurate 
observation but the larger movements in the yielded regions 
should be visible. In particular, Lueders' lines may be 
shown up by this method. The technique is at present being 
developed. 
V. Future Work 
1. Analytical 
An attempt will be made to obtain a solution to the 
elastic-plastic problem by methods of the mathematical theory 
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of plasticity. It is emphasized, however, that the likelihood 
of success in this approach is small, since there is no known 
way of predicting the location or shape of the elastic-plastic 
boundary. An examination of the difficulties involved and 
possible means of surmounting or circumventing them will be 
conducted. Another phase of the elastic-plastic problem con-
cerns the condition at full plasticity, that is, at the 
limiting load, P0 • The solutions due to Green for a 
plastic-rigid material will be closely examined in their re-
lation to a plastic-elastic material. 
An extension of the mechanics of materials solution 
for a uniform beam under bending will be investigated. There 
is no doubt that a solution for tapered members using this 
elementary approach will be possible, but the degree of ap-
proximation and practical value may only be assessed by 
comparison with the experimental results. 
2. Experimental 
The work outlined in part IV will be conducted. The 
first phase of this work will consist of the development of 
a satisfactory photogrid technique. 
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